AD274936 


NMWEPS  REPORT  7827 
NOrs  TP  2B38 
COPY  313 


HANDBOOK  OF  EQUATIONS  FOR  MASS  AND 
AREA.  PROPERTIES  OF  VARIOUS 
GEOMETRICAL  SHAPES 


Compi  led  by 
Jack  A.  Myers 

Weopons  Deve/opment  Deportment 


ABSTRACT,  This  publication  is  a  compilation  of 
equations  for  moments  of  inertia,  centroidal  dis¬ 
tances,  radii  of  gyration,  and  other  mathematical 
properties  related  to  solids,  thin  shells,  thin 
rods,  plane  areas,  and  ogival  shapes. 


U.S.  NAVAL  ORDNANCE  TEST  STATION 

China  Lake,  California 
April  1962 


U.  S.  NAVAL  ORDNANCE  TEST  STATION 

AN  AaiVITY  OF  THE  BUREAU  OF  NAVAL  WEAPONS 
C.  Blenman,  Jr.,  Capt.,  USN  Wm.  B.  McLean,  Ph.D. 

Commonc/er  Technical  Director 


FOREWORD 

A  need  has  existed  for  a  comprehensive  handbook  containing  proper¬ 
ties  of  various  geometrical  shapes  to  be  used  by  design  engineers  at 
governmental  agencies. 

It  is  the  purpose  of  this  publication  to  supply  technical  personnel 
with  information  concerning  these  mathematical  properties  in  a  complete 
volume  that  includes  moments  of  inertia^  centroidal  distances,  volumes, 
areas,  and  radii  of  gyration  of  solids,  thin  shells,  thin  rods,  plane 
areas,  and  ogival  shapes.  In  addition,  examples  of  various  types  are 
included. 

The  work  of  compiling,  organizing,  and  preparing  this  publication 
was  done  at  the  U.  S.  Naval  Ordnance  Test  Station  in  September  1961 
under  Bureau  of  Naval  Weapons  Task  Assignment  RM3773-009/216-1/F008-22- 
002  of  22  September  1961. 

This  handbook  was  reviewed  for  technical  accuracy  by  Genge  Indus¬ 
tries,  Inc.,  of  Ridgecrest,  California.  Suggested  additions  or  criti¬ 
cism  will  be  appreciated.  The  information  contained  herein  is  to  be 
released  at  the  working  level  only. 
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ERRATA 

Page  81 ;  Under  the  heading  ^’Moment  of  Inertia  About  the  Base 
Plane,”  the  equations  are  correct  for  moment  of  inertia  about  the  base 
plane;  however,  to  obtain  moment  of  inertia  about  a  base  diameter  axis, 
add  ”+  ”  to  the  right-hand  side  of  each  of  the  three  equations  for 

Ib* 


Page  82;  Under  the  heading  ”Moment  of  Inertia  About  the  Base 
Plane,”  the  equations  are  correct  for  moment  of  inertia  about  the  base 
plane;  however,  to  obtain  moment  of  inertia  about  a  base  diameter  axis, 
add  ”+ y  I^'*  to  the  right-hand  side  of  each  of  the  two  equations  for 


Page  88:  In  the  underscored  heading,  change  ”the  Base  Plane”  to 
read  ^'a  Baso^  Diameter  Axis.” 

In  the  equations  below  the  figure,  change  "ig'^  to  three 

places . 

Page  89:  In  the  figure,  change  the  dimension  to  ”h”  and  ”b” 

^  TT  ■  "ff" . . 

to  D. 

In  the  last  underscored  heading,  change  ”the  Base  Plane”  to  read 
”a  Base  Diameter  Axis.” 

In  the  equations  at  the  top  and  at  the  bottom  of  the  page,  change 

IB  to  Igy^. 

Page  90:  In  line  2,  change  ”a  =  L/R  ==  sin  0”  to  read 
”a  =  h/R  =  sin  0.” 

In  the  third  equation  below  the  figure,  change  ”lp”  to  read  "l^*" 

In  the  fourth  equation  below  the  figure,  change  read  ’’ip.” 

The  fourth  equation  changed  as  above  to  read  ”lg  =:  ...”  is  correct  for 
the  moment  of  inertia  about  the  base  plane;  however,  to  obtain  moment 
of  inertia  about  a  base  diameter  axis,  add  ”+  7 1^”  right-hand 

side  of  the  equation. 
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COMMENTS 


1.  Inertia  equations  give  answers  in  inches  to  the  fifth  power. 

2.  Do  not  use  a  slide  rule  to  calculate  ogival  properties.  At 
least  six  significant  figures  must  be  calculated  for  each  term  within  the 
brackets  given  with  the  ogive  equations.  Therefore^  it  is  advised  to 
use  a  desk  calculator  or  other  type  of  computer  to  establish  the  desired 
accuracy . 

3.  Central  axis:  The  central  axis  is  the  symmetrical  center  line 
axis  of  the  ogive  sometimes  referred  to  as  the  polar^  or  polar  longitu¬ 
dinal  axis. 

4.  Base  diameter  axis:  The  base  diameter  axis  denotes  an  orthogonal 
transverse  axis  which  intersects  the  central  axis  at  the  base  of  the 
ogive.  This  is  commonly  referred  to  as  the  transverse  axis. 

5.  Base  plane:  The  base  plane  denotes  a  plane  passing  through  the 
base  of  the  shape  and  normal  to  its  center  line  axis. 

6.  Moment  of  inertia  about  the  base  plane:  The  moment  of  inertia 
about  the  base  plane  can  be  computed  by  subtracting  one-half  the  value 
of  the  moment  of  inertia  about  the  central  axis  from  the  value  of  the 
moment  of  inertia  about  a  base  diameter  axis.  Conversely^  the  moment 
of  inertia  about  a  base  diameter  axis  can  be  computed  by  adding  one*- 
half  the  value  of  the  moment  of  inertia  about  the  central  axis  to  the 
value  of  the  moment  of  inertia  about  the  base  plane.  Mathematically, 


and 


where 


-  ^BA  ~  T 
^BA  ==  ^B  T^A 


Ig  =  moment  of  inertia  about  the  base  plane 

IgA  =  moment  of  inertia  about  a  base  diameter  axis 

Ia  =  moment  of  inertia  about  the  central  axis 

7.  Example  (from  Calculus,  by  Edward  S.  Smith,  Meyer  Salkover,  and 
Howard  K.  Justice,  New  York,  John  Wiley  and  Sons,  Inc.,  1947,  Article  113, 
Example  5,  pp.  317-318;  used  by  permission  of  the  publisher):  The 
following  example  is  given  to  show  the  methods  for  obtaining  moments  of 
inertia  about  planes  and  axes  of  a  solid  of  revolution. 
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Example:  Find  the  moment  of  inertia  of  the  volume  of  a  right 

circular  cone  of  altitude  h  and  base-radius  a  with  respect  to  the 
following  planes  and  axes  parallel  to  the  base;  (i)  a  plane  through 
the  apex;  (ii)  an  axis  through  the  apex;  (iii)  an  axis  through  the 
centroid;  (iv)  a  plane  through  the  centroid. 


(i)  Choosing  three  mutually  perpendicular  coordinate  planes 

as  shown  in  the  figure^  we  proceed  to  find  lyz  by  integration.  Using 
discs  as  elements  of  volume  we  have 

lyz  Try^dx  •  =  ^2  J'^ 

5 

(ii)  By  symmetry^  the  moment  of  inertia  of  the  volume  of  the  cone 
with  respect  to  any  axis  through  the  apex  and  parallel  to  the  base  is 
equal  to  y  which  may  be  expressed  in  the  form 


^xz  ^yz 


where 


is  given  and  remains  to  be  found. 
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Evidently  I 


and  hence 


xz 

^xz  “  ~2^^xy  ^xz^ 

_  Tra'^h 
20 

Substituting  the  values  of  ^yz^  obtain 

=ia!il(a2  +  4h2) 

20 

(iii)  The  distance  from  the  apex  to  the  centroid  of  the  cone  is  M'h. 
Hence;  if  V  represents  the  volume  of  the  cone  and  a  g^-axis  is  drawn 
through  the  centroid  G  parallel  to  the  z-axiS;  we  have 

Ig  =  I2  -  V(|h)2 

Therefore 

I  =  12^  (4a^  +  h^) 

S  80 

Obviously  this  result  is  the  moment  of  inertia  of  the  volume  of  the  cone 
with  respect  to  any  axis  drawn  parallel  to  the  base  through  the  centroid* 

(iv)  With  respect  to  the  gh' -  plane;  drawn  through  the  centroid  G 
and  parallel  to  the  base;  the  moment  of  inertia  of  the  volume  of  the 
cone  is 


hh'  =  lyz  -V(4h)2 

TT  2,  3 
=  —  ah 
80 


September  1966 
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NOMENCLATURE 

An  effort  has  been  made  to  typify  symbols  for  thickness^  height^ 
and  base  width  for  all  shapes  and  plane  areas  considered.  However^  in 
some  instances,  additional  nomenclature  has  been  introduced  for  descrip¬ 
tive  purposes.  It  is  advisable  to  refer  to  the  diagram  associated  with 
each  item. 

A  Area,  in^ 

I  Moment  of  inertia.  The  unit  is  generally  expressed  as  follows: 

for  a  solid,  Ib-ft^,  slug-ft^,  etc;  for  a  plane  area,  in^ ,  ft^ ,  etc. 

Ip  Polar  moment  of  inertia 

Moment  of  inertia  about  the  x-axis 

ly  Moment  of  inertia  about  the  y-axis 

I2;  Moment  of  inertia  about  the  z-axis 

Ixy  Product  of  inertia  in  the  x-y  plane 

Ixz  Product  of  inertia  in  the  x-z  plane 

Iy2  Product  of  inertia  in  the  y-z  plane 

Radius  of  gyration  about  the  x-axis 

ky  Radius  of  gyration  about  the  y-axis 

k^  Radius  of  gyration  about  the  z-axis 

L  Length,  in.  Where  t  (thickness)  or  d  (diameter)  of  a  thin  rod  is 
constant,  V,  V/,  and  m  are  proportional.  Statical  moments  and  mo¬ 
ments  of  inertia  of  the  area  or  body  may  be  functions  of  L 

m  Mass,  lb  or  slugs 

V  Volume,  in^ 

W  Weight,  lb 


X 

Centroidal 

distance 

along 

the 

x-axis. 

in. 

Ccntroldal 

distance 

along 

the 

y-axis. 

in. 

2 

Centroidal 

distance 

along 

the 

z-axis. 

in. 

p  Mass  density  factor,  Ib/in^;  m/V 


vi 
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INTRODUCTION 

This  handbook  is  published  for  the  convenience  of  those  whose  work 
requires  the  use  of  equations  of  mass  and  area  properties  for  various 
geometrical  shapes.  It  is  hoped  that  this  compilation  will  be  an  aid  to 
technical  personnel  and  will  eliminate  the  need  for  searching  through 
many  handbooks  and  tables  for  a  particular  mathematical  property. 

In  certain  sections  of  this  handbook^  equations  for  moments  of  in¬ 
ertia  and  centroidal  distances  are  developed  through  the  use  of  the  cal¬ 
culus^  which^  it  is  believed^  will  serve  as  a  supplementary  method  for 
finding  information  not  included  herein.  Other,  simplified,  forms  for 
calculating  properties  are  included  tbat  can  be  used  in  lieu  of  integral 
calculus . 

As  an  aid  in  finding  a  particular  item,  the  diagrams  and  accompanying 
equations  for  the  various  shapes  are  grouped  under  the  following  headings 
shown  at  the  tops  of  the  respective  pages:  solids,  thin  shells,  thin  rods, 
plane  areas,  and  ogival  shapes. 

Certain  structural  shapes  such  as  channels,  I-beams,  angles,  and  T- 
sections  are  omitted  because  these  are  noi^mally  found  in  a  construction 
manual  such  as  the  AISC  steel  construction  manual.  However,  variations 
of  these  sections,  without  fillets  and  bulbs,  are  included. 

A  separate  section  is  devoted  to  the  properties  of  ogival  shapes, 
which  are  commonly  used  in  the  design  of  missile  nose  cones.  The  solid 
and  thin-shelled  tangent  ogives  are  included  because  of  their  frequent 
use. 

Special  Notes 

1.  A  thin-shelled  body  is  one  in  which  t  <  (L/30),  where  t  is  the 

gage  thickness  of  the  material  and  L  is  the  length,  or  radius,  perpen¬ 
dicular  to  the  axis  of  rotation  measured  at  the  maximum  diameter. 

2.  A  thin  rod  is  one  in  which  L  ^  30d,  where  L  is  the  length  of  the 

rod  and  d  is  the  diameter  of  the  rod. 

3.  Elliptic-area  formulas  may  be  used  for  circular  complements  such 
as  half  circles  and  quarter  circles  by  substituting  a  =  b  =  R. 

4.  Weight  moments  of  inertia  for  plane  areas  can  be  obtained  by 
multiplying  the  area  moment  of  inertia  by  the  area  mass,  M,  and  then 
dividing  by  the  section  area. 

5.  Linear  dimensions  are  in  inches  in  the  sections  that  follow. 

6.  In  most  cases  involving  integration,  cartesian,  or  rectangular, 
coordinates  are  used.  Should  the  need  arise  to  use  polar  coordinates 
for  ease  of  integration  of  special  integrals,  it  is  advised  that  a  review 
of  a  calculus  text  or  similar  reference  be  made.  Also,  double  integration 
methods,  if  used,  will  in  many  instances  reduce  calculation  time. 


1 


SOLIDS 


SOLIDS 

SUMMARY  OF  EQUATIONS  FOR  MASS  AND  VOLUME  PROPERTIES 
Centroid  by  Integration  (Homogeneous  Mass) 

JxdV  /ydV  /zdV 

X  = - ,  y  s - ,  i  =  - 

/dV  /dV  JdV 

Center  of  Gravity  of  a  Coplanar  System  of  Particles 

My  2Mx  MX  2My 

m  M  m  M 

Center  of  Gravity  of  a  Non-coplanar  System  of  Particles 


Myz 

2Mx 

mz  2My 

Mxy 

2MZ 

•> 

1 

Ji 

II 

\>* 

z  =  - 

=  - 

m 

M 

m  M 

m 

M 

Moment  of  Inertia 

I  =  Jr^dm 

Product  of  Inertia 

Ixy  =  /xydm,  Iy2  =  /yzdm,  I^^^  =  Jxzdm 

Transfer  of  Axes 

1=1  +  md^ 

Radius  of  Gyration 
k  =  ^J/m 


Centroid  of  a  Composite  Solid  Body 


2Wx 

Zlji 

2Vx 

w 

L 

V 

2Wy 

SLy 

2Vy 

y  =  - 

=  - 

=  - 

W 

L 

V 

2Wz 

2LZ 

2Vz 

w 

L 

V 

2 


NAVWEPS  REPORT  7827 


CENTER  OF  GRAVITY  OF  A  SYSTEM  OF  PARTICLES 


Two  systems  of  particles  exist  that  will  be  defined  as  coplanar 
and  non-coplanar . 

Coplanar  Particles 

The  first  system,  coplanar  particles,  can  be  resolved  into  a  common 
mass  located  at  such  a  position  that  the  moment  of  its  mass  with  respect 
to  the  x-^axis  would  be  equal  to  the  moment-sum  about  the  x-axis,  and 
that  the  moment  of  its  mass  with  respect  to  the  y-axis  would  be  equal  to 
the  moment-sum  about  the  y-axis.  The  two  coordinates  presented  would 
then  locate  the  point  that  represents  the  center  of  gravity  of  the  sys¬ 
tem  in  the  x-y  plane. 

Therefore, 

xm  =  My  and  ym  =  Mx 

or 

My  mjXj  +  ’  *  "  +  2mx 

m  mj  -f  m2  +  •  •  •  +  nij^  2m 

and 

Mx  miY,  in2y2  +  .  .  ,  + 

m  mj  +  m2  +  -  -  -  +  mj^ 

Example. 


2my 

2m 


=  1 

in. , 

yi 

=  1  in.. 

mj  =  1 

lb 

=  2 

in. , 

Vz 

=  2  in. , 

m2  =  2 

lb 

X3 

=  3 

in. , 

Vz 

=  -2  in., 

m3  =  4 

lb 

(1)(1)  +  (2)(2)  +  (4)(3) 

X  =  -  =  2.428  in. 


X 


1+2+4 
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(1)(1)  +  (2)<2)  +  (4)(-2) 

y  =  -  =  -0.429  in. 

1+2  +  4 

Note .  Care  must  be  taken  to  account  for  the  proper  signs  when  cal¬ 
culating  the  moment- sums. 

Non-coplanar  Particles 

The  second  system^  non-coplanar  particles^  can  be  resolved  into  a 
common  mass  located  at  a  point  in  space  represented  by  the  coordinates 
Xj  y,  and  2^  which  are  readily  calculated  by  the  procedure  used  in  the 
coplanar  system  and  with  the  inclusion  of  the  third  reference-plane  co¬ 
ordinate. 

Thus^ 


Myz  +  ^2^2  +  •  ‘  Smx 

M  nij  +  m^  +  •  •  •  +  2m 

MX2  mjyj  +  m^y^  +  •  -  •  +  m^yn 

iVI  +  •  •  “  +  mji 

Mxy  ^  *  •  •  +  mn^n 

M  +  m2  +  •  •  •  +  mn 

Example . 


Xi  =  2 

in.  ^ 

yi 

=  6  cos  45'' 

=  4.24,  Zj  =  6  cos 

45“  = 

4.24 

Xz  =  4 

in.  j 

VZ 

=  -4  cos  30 

®  =  -3.46^  Z2  =  4  cos 

60“  = 

2 

X3  =  6 

in.  ^ 

Vz 

=  12  cos  45 

“  =  S.48,  Z3  =  -12  cos  45“ 

=  -8.48 

B 

II 

lb. 

m2 

=  2  Ib^ 

m3  =  3  lb 

(1)(2)  + 
X  =  - 

<2)(4) 

+  (3)  (6) 

4,66  in.  (ans.) 
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y  = 


z  = 


(1)(4.24)  +  (2)(-3.46)  +  (3)(8.48) 

-  =  3.79  in.  (ans.) 


6 

(1)(4.24)  +  (2)(2)  +  (3)(-8.48) 


6 


-2.87  in.  (ans.) 


The  resulting  coordinates  of  4.66^  3.79^  and  -2.87  inches  fix  the  loca¬ 
tion  of  the  system’s  center  of  gravity. 


TRANSFER  OF  AXES  ON  A  SOLID  BODY 


Let  the  radial  distances  from  the  two  axes  to  any  element  of  mass 
dm  equal  r  and  Vq ^  with  the  separation  of  the  axes  being  d;  applying 
the  law  of  cosines^  r^  =  r§  +  d^  -f  Srgd  cos  0*  The  definition  of  the 
mass  moment  of  inertia  gives 

I  =  Jr^dm  =  J (rg  t  d^  +  Si'od  cos  6)dm 
=  Jr^dm  +  d^Jdm  +  Sdjr^  cos  0dm 

Since  the  y-coordinate  of  the  center  of  gravity  with  respect  to  an 
origin  at  0  is  zero^  the  third  integral  drops  out^  leaving 

I  =  i  +  md^ 

ElADIUS  OF  GYRATION 

The  radius  of  gyration^  of  a  body  with  respect  to  any  axis  is 
defined  as  the  distance  from  the  axis  at  which  the  mass  may  be  conceived 
to  be  concentrated  and  to  have  the  same  moment  of  inertia  with  respect 
to  the  axis  as  does  the  actual  whole^  or  distributed^  mass. 

Mathematically^  k  =  -y/l/m  by  definition.  Substitution  into 
1  =  1+  md^  results  in  +  d^^  which  provides  a  method  for  trans¬ 

ferring  the  centroidal  radius  of  gyration  to  a  parallel  axis  on  the 
same  body. 

PRODUCT  OF  INERTIA 

Generally^  a  three-dimensional  body  has  three  moments  of  inertia 
about  the  three  mutually  perpendicular  coordinate  axes  and  three  products 
of  inertia  about  the  three  coordinate  planes. 
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The  product  of  inertia  of  the  body  with  respect  to  a  pair  of  coor¬ 
dinate  planes  is  the  algebraic  sum  of  the  products  obtained  by  multiply¬ 
ing  the  mass  of  each  element  of  the  body  by  its  coordinates  with  refer¬ 
ence  to  these  planes.  The  value  of  the  product  of  inertia  can  be 
positive^  negative^  or  zero. 

Mathematically^  the  products  of  inertia  about  the  three  planes  are 
expressed  as 

^xy  -  lyz  =  /yzdm,  Ixz  =  /xzdm 

where  dm  is  an  element  of  mass,  Or^  the  product  of  inertia  may  be  cal¬ 
culated  for  an  area  where  the  two  rectangular  coordinate  axes  provide 
tbe  system  on  which  the  computation  is  based;  in  the  form 

Ixy  =  /xydA 

where  dA  is  an  element  of  area^  and  x  and  y  are  the  respective  distances 
from  the  axes  to  the  elements  of  area. 

An  application  of  the  product  of  inertia  may  be  seen  on  page  53 
covering  the  properties  of  an  angle, 

CENTROIDS  OF  COMPOSITE  VOLUMES 

The  determination  of  the  centroid  of  a  composite  solid  shape  can 
be  calculated  by  the  application  of  the  moment  principle,  in  which  the 
basic  relationship  takes  the  form 

(Wi  +  W2  -H  W3  +  •  •  Ox  =  WjXi  +  W2X2  +  W3553  +  •  •  • 

where  w  represents  the  weight  of  each  part,  X  represents  the  x-coordinate 
of  the  center  of  gravity  of  the  total  body,  and  x  represents  the  center 
of  gravity  of  the  individual  parts.  The  resulting  basic  relationships  arc, 
therefore. 


2wx 

Swy 

Swz 

X  =  - , 

Y 

Z  s=  - 

w 

w 

W 

In  each  of  the 

above 

relationships,  weight  values  may  be  replaced 

with  values  for  length,  area,  or  volume,  depending  on  the  shape  of  the 
object , 

It  is  likely  that  interest  will  be  found  in  the  determination  of 
the  centroidal  distance  of  a  hollow  geometrical  shape  such  as  the  frus¬ 
tum  of  a  cone;  the  applicable  equations  will  then  be 

2vx  2vy  2vz 

X  =  - ,  Y  =  - ,  Z  =  - 

V  V  V 

where  it  is  obvious  that  only  one  of  these  relationships  is  valid  for  a 
symmetrical  body. 

For  hollow  objects,  or  objects  with  holes  in  them,  it  should  be 
realized  that  the  void  volume  must  be  subtracted,  as  in  the  case  of  a 
hollow  cone  frustum. 

£vx  (VS)t  -  (Vx)jj 

V  Vt  -  Vh 
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where  represents  the  total  solid  frustum  and  <Vx){|  represents  the 

inner;  or  holloW;  frustum* 

CENTROID  OF  A  VOLUME 

By  expansion  of  the  concepts  used  in  the  resolution  of  a  system  of 
particles;  it  is  apparent  that  a  summation;  by  integration;  of  a  differ¬ 
ential  element  of  a  body;  leads  to  the  determination  of  the  centroid  of 
the  body. 


If  the  body  is  homogeneous ^  the  density  of  the  body,  p,  will  be 
considered  constant.  Therefore;  the  element  of  mass  is 

dm  =  pdV 

and;  for  the  entii'e  body; 
m  =  J  pdV 

Using  previous  equations  and  substituting; 
fxdm  fpxdV  fxdV 

m  fpdV  fdV 

f  ydm  /  pydV  fydV 

m  fpdV  fdV 

fzdm  fpzdV  fzdV 

m  /pdV  /dV 

Therefore;  it  ean  be  seen  that  the  first  moments  of  each  summation  are 
VX;  Vy;  and  Vz  for  a  homogeneous  body. 

Example ,  jhe  centroid  of  the  solid  generated  by  revolving  the  area 
of  the  half  parabola  y  ^  4  -  about  the  y-axis  may  be  determined  as 
follows . 


y 
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dV  =  TTX^dy 

fdV  =  -  y)dy 

0 

fdV  =  nj*(4  -  y)dy 
•'  0 

V  =  ■ff[4y  -  {yV2)]o  =  ir(16  -  8)  =  Stt 
Vy  s=  /ydv 

=  ^^Tryx^dy  =  ■nj*(4y  -  y^)dy  =  ir[2y2  -  (y^/3)]p 
=  7r[32  -  (64/3)]  =  327r/3 

Therefore^ 

327r/3  32  4 

y  = -  =  —  =  —  (ans. ) 

877  24  3 

and  z  =  X  =  0,  by  symmetry. 

MASS  MOMENT  OF  INERTIA 

The  inertial  resistance  to  rotational  acceleration  is  that  property 
of  a  body  which  is  commonly  known  as  its  mass  moment  of  inertia. 

If  a  body  of  mass  m  is  allowed  to  rotate  about  an  axis  at  an  angular 
acceleration  dj  an  element  of  this  mass^  dm^  will  have  a  component  of  ac¬ 
celeration  tangent  to  the  circular  path  of  ra^  with  the  tangential  force 
on  the  element  being  rcvdm.  Since  the  distance  to  the  element  is  r,  the 
resulting  moment  on  the  force  equals  r^oidnu 

Integrating  the  elements  of  the  body, 

I  =  Jr^dm 

an  expression  is  obtained  that  is  known  as  the  mass  moment  of  inertia  of 
the  body,  where  q/  is  dropped  out  because  it  is  constant  for  a  given 
rigid  body. 

If  the  body  is  of  constant  mass  density^  the  differential,  dm,  may 
bo  replaced  with  pdV,  since  dm  =?  pdV,  and  the  following  expression 
results 

1  =  p/r^dV 

The  units  of  mass  moment  of  Inertia  are  commonly  expressed  as 
Ib-ft-sec^  or  slug-ft^,  or,  dimensionally,  ML^ . 
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Examples . 


RIGHT  CIRCULAR  CYLINDER 

y 


The  mass  moment  of  inertia  for  a  right  circular  cylinder  is  found 
by  the  use  of  I  =  Jr^dm  and  the  equation  for  elemental  cylinders^  as 
follows 


dm  =  pdV  =  p2;rxhdx 
ly  =  p/p^(x^  )  (27rx)hdx 
=  27rphJ'^^x2dx 


27rph  R 

pTThR** 

-  Jo 

- 

4 

2 

M  M 

<  1 

II 

M  /7rhR4\ 

MR2 

11 

to 

2 

g 


SOLIDS 


Adapted  from  Weight  Handbook^  VoL  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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Adapted  from  Weight  Handbook^  Vol.  ^  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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CONE 


By  similar  triangles^  y  =  (Rx/h) 
dm  =  pdV 
Ijjdisk  =  mR^/2 

r2  _  y2 

dijj  =  dmr^/2 

=  (piry^dx)(y2/2) 


=  Jr^dm 


=  If,  piry‘'dx/2 


P^rh, 

/Rx\ 

=  -/ol 

- 

2 

ih  / 

pjrR^ 

x^' 

2h'‘ 

.5 

ni 

m 

p7r/R^\  j 

2  \h‘‘/'^ 


pTrR^h 


10 


Ix  = 


V  irR^h/3 
3m7rR‘‘h 


107rR‘"h 


10 


(ans, ) 
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FRUSTUM  OF  A  CONE 


By  similar  triangles^ 
R  -  r  y  -  r 


h  X 

hy  -  hr  hy 


hr 


X  = 


R-r  R-r  R-r 

/  h  \ 


dx  = 


dy 


\R  -  r/ 

Ijjdisk  =  mR^/2 
dl^  =  y^dm/2 

dm  =  pdV  =  pTTy^dx 

y2  pffy** 

dl„  =  — (pTry^dx)  =  - 


dy 


2  \R  -  r 


pTTh 


Ix  = 


2(R  -  r) 
pTTh 


/•  R  4  , 
L  y  dy 


5iR 


pith  (R®  -  r® ) 


2(R  -  r)l 5 
7rh 

V  =  —  (R^  +  Rr  +  r^) 
3 


10  (R  •  r) 


m7rh(R^  -  r^)(3) 


1  = 
X 


107rh(R^  +  Rr  +  r^)(R  -  r) 
(ans.) 


3m  (r5  -  r^) 


10  (R^  -  r^) 


13 


SOLIDS 


Adapted  from  Weight  Handbook^  VoL  J.,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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SOLIDS 


Adapted  from  Weight  Handbook,  Vol.  J,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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Adapted  from  Weight  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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SEMICYLINDER 


Elemental  volume^  half  cylinder: 

p27rrLdr 


dm  =  pdV  = 


=  pTrrLdr 


=  fr^dm  =  r^(p7rrl*dr) 
=  pirh/fr^dr  =  pi:  L 


pnR^L 


m 

P  =  “  = 


m 


V  7:R^L/2 


m 


/ttR^LV  mR^ 


Iz  = 


i7rR^L/2/ 


(ans • ) 
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SEMICYLINDER 


Elemental  volume,  wedge  shape: 


dm  -  pdV  =  prdfidrL 

Iz  =  /r^dm  =  iprlAOdr) 

=  -  pLTr/p^r^dr 


=  pLvr 


iR 


U 


pLvrR^ 


m  m 


V  7rR^V2 

/ttLR^  W  2m  \  mR^ 

=  -  -  =  -  • ) 

\  4  /  \  ttR^l/  2 
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RIGHT  ANGIED  YfEDGE 


ISOSCELES  WEDGE 
Zi 


VOLUME 


ABH 

2 


CENTROID 


^  -  A 

3 


_  ,  B  .  H 

y  ?  *  7 


_  .  H 

'  3 


WEIGHT 

MOMENT 

OF 

INERTIA 


(2H^  ♦  38^) 

36 

ly  •  ![  (a2  *  H^) 

la 

Ir  -  w  (2A^  +  38^) 

36 


- 


w 

(2H^ 

+  3A^) 

36 

w 

(la^ 

+  38^) 

72 

w 

(2A^ 

+  B^) 

2h 


RADIUS 

OF 

GYRATION 


=  0.167  V 


k„  = 


k,  = 


2H^  +  3B^ 

0.236  \  A^  ♦  h2 


I 


0.167 \|  2A^  *  38^ 


=  0.167 


=  0.118 


2H^  +  3A^ 


Ui^  *  38^ 


=  0.204  J2A  ■*• 


f 


♦  B^ 


Adapted  from  Weight  Handbook,  VoL  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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CENTROID  _ 


WEIGHT 

MOMENT 

OF 

INERTIA 


T  .  (b2  4  3h2n 

Ixi=  ^  (b2  ♦  2h2) 

lyi-  55  *  2h®) 


lx  -  ly  ■  Ir 


T  =  WA'^ 

'  IJ- 


Ii  •  55  ♦  8^) 


kx  ^  0.224  y 


=  ky  -  0.204  Ja2  ♦  2H^ 


RADIUS 

OF 

GYRATION 


2  ^  qm2 


kx^=  0.224W  ♦  2tf 


kv  =  0.224 U  A 


2  +  3t 


=  0.289A 


ky^  =  O.224J  a2  ♦  2H^ 


k,  =  0.224  Ja 


2  ♦  b2 


Adapted  from  Weight  Handbook^  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc. 


I 
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\VEIGHT 

MOMENT 

OF 

INERTIA 


1  -  W  (B^  h2) 

^12 

U  -  W  (B^  h2) 

^  T 

^ 

12 

I  -  V¥  (A^  ♦  H^) 

^  1? 

1  “>  W  (A^  +  H^) 

yi  j 

I-  «  W  /  *2  ^  n2\ 
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THIN  SHELLS 


A  thin  shell  can  be  developed  by  the  subtraction  of  a  smaller  inner 
solid  from  a  larger  outer  solid  of  similar  shape,  by  the  summation  of 
elemental  rings  by  integration,  or  by  revolving  an  arc  or  a  segment  of 
an  arc  about  a  desired  coordinate  axis, 

SUMMARY  OF  EQUATIONS 

Surface  Area  Generated  by  Revolving  Arc 

If  A<a,c)  and  B(b,d)  are  two  points  on  a  curve  F(x,y)  =  0.  The  area 
of  the  surface  generated  by  revolving  the  arc  AB  about  the  x-axis  is  given 
by 

s  =  27r/^yds  =  2i:J^yy/l  +  <dy/dx)^dx 
or 

^  - 
^^-4  <dy/dx)^dy 

When  revolved  about  the  y-axis,  the  arc  AB  generates  a  surface  area 

S  =  27r/  xds  ss  2-nJ^x.y/l  +  (dy/dx)^dx 
*AB  ^  a 

or 

27rj^^  x^l  +  (dx/dy)^  dy 

If  A,  given  by  u  ^  U| ,  and  B,  given  by  u  =  are  two  points  on  a 
curve  that  is  defined  by  the  parametric  equations  x  =  f(u),  y  =  g(u), 
the  surface  area  generated  by  revolving  the  arc  AB  about  the  x-axis  is 

S  =  27r/^yds  =  27r/J|^yv/(dx/du)^  +  (dy/du)^du 

and  the  area  generated  about  the  y-axis  bounded  by  AB  is 
S  =  27r/^gXds  =  27r/^^x%/(dx/du)^  +  (dy/du)^du 

Centroid  of  a  Surface  of  Revolution 

The  centroid  of  a  surface  of  revolution  generated  by  the  arc  of  a 
curve  y  =  f(x)  extending  from  A(a,c)  to  B(b,d)  is  defined  by 

SR  =  27rj^^xyds 

where  ds  is  an  element  of  arc  as  described  in  the  above  equations  as 
ds  =  f  (dy/dx)^dx 
when  taken  about  the  x-axis,  and 

rh 

Sy  = 

when  taken  about  the  y-axis . 
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T  / 

S  =  27rr{[(R2  -  L?)  -  2L,x  -  -  b}  - 

°  \r2  -  Lf  -  : 


■Idx 


2L,x  -  x^j 


S  =  2JrR/^ 


1  - 


=  27rR 


=  27rR 


(r2  -  hi  -  2Lix  -  x2)V2 

^  4.  I 
X  +  111 


dx 


X  -  b  sin 


-1 


/  L  +  Li 

Ll\' 

sin“^  - 

-  sin  *  — I 

\  R 

R  /  . 

(ans. ) 


The  centroid  of  the  shell  can  be  determined  by  applying  the  basic 
mathematical  statement 


Then 


Sx  =  27r/Q^xyds  where  ds  =  y/l  +  (dy/dx)^dx 
L 


Sx  =  2ir/^  xy^/l  +  (dy/dx)^dx 
and  substituting  y  =  [(r^  _  Lf )  -  2L|X  -  x^]*/^  -  b, 

Sx  =  27rJ[,\{[(R^  -  Lf)  -  2LiX  -  -  b} 

xb 


[(r2  -  Lf)  -  2LiX  -  x2]l/2 


=  27rRt 


X  - 


=  27rR 


rx2 

—  +  b 
2 


[(r2  -  Lf)  -  2LiX  -  x^]*/^ 

[(r2-  Lf)  -  2LiX  -  +  Li  sin“^ 


X  +  L, 


R 


iLt 


=  27rR 


+  b 


[(R2  -  Lf)  -  2LiL  -  l2]i/2  +  Lj  sin-* 


L  +  L, 


(R^  -  Lf)*/^  +  Lj  sin  ^ — 

R 


=  27rR 


/l2  L  +  Li\ 

1 

—  +  b^  +  bLi  sin“^ -  -b 

(b  +  r)  +  Lj  sin”^  — 

\  2  R  / 

R  . 

J 

=  27rR| - br  +  bLi  (sin  *  - 

L2  \  R 


L  +  Lj  Li^ 

-  -  sin’^^  — 

R  i 


X  = 


27rR^(L^/2)  -  br  +  bLi  {  sin"*  [(L  +  Lj  )/r]  -  sln'^  (Lj/R)}^ 


27rR 


(L^/2)  -  br  4-  bLi{  sin  ^ 

[(L  + 

Lj  )/Rj 

-  sln“*  (Lj/R)} 

L  -  b{  sin~* 

[(L  +  1 

•1  )/r] 

-  sin-1  (Lj/R)] 

(ans . ) 


dx 
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Applying  this  result  to  a  thin-shelled  hemisphere^  it  can  be  seen 
that  all  terms  containing  b  reduce  to  zero,  which  leaves 

X  =  L/2,  but  L  ==  R  for  the  hemisphere; 

therefore, 

X  =  R/2  (ans*) 

An  alternative  method  for  determining  the  location  of  the  centroid 
of  a  thin-shelled  ogive  is  to  perform  volume  subtractions:  that  is,  to 
calculate  the  volume  of  the  ogive  that  corresponds  to  the  exterior  di¬ 
mensions  desired  and  then  to  subtract  a  volume  of  the  proportions  that 
will  ultimately  leave  the  desired  wall  thickness*  Combining  the  cen- 
troidal  distances  of  the  two  volumes  with  their  respective  values  of 
volume,  the  basic  equation  becomes 

SVx  (V5)q  -  (Vx)i 

V  Vo  -  Vj 

where  (Vx)q  and  (Vx)^  are  the  statical  moments  of  the  outer  and  inner 
volumes,  respectively,  with  Vj  representing  the  outer  and  inner 

volumes. 
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LATERAL  SURFACE  OF 
A  CIRCUIAR  CONE 


CONSIDER  I3C  AS  THE  SUM  OF  TWO 
MOMENTS  OF  INERTIA 

CIRCLE  OF  RADIUS  R 

TR I  ANGIE  OF  ALTITUDE  H 
FT.  OF  CIRCLE  AND  TRl ANGIE 
EQUALS  WT.  OF  SURFACE 


LATERAL  SURFACE  OF 
FRUSTUM  OF 
CIRCULAR  CCWE 

z  I 


CONSIDER  Ix  AS  THE  SUM  OF  TA'O 
MOMENTS  OF  INERTIA 

CIRCLE  OF  RADIUS  R 

TRIANGLE  OF  ALTITUDE  H 
WT.  OF  CIRCLE  AND  TRIANGLE 
EQUALS  WT.  OF  SURFACE 


SURFACE  r— - r 

AREA  ’fR  n-  *  h2 


CENTROID 


Ix 


WEIGHT 

MO^^ENT  I . 

OF 

INERTIA 


RADIUS 

OF 

GYRATION 


H 

3 


Iy«J(R2.|H2) 


Wr2 

-r 


-  lyj  =  ^  (3R^  ♦  2h2) 


0.707  R 


Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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LATERAL  CYLINDRICAL  SHELL 
Z 


/■ 


y  / 


f* 

Li 


TOTAL  CYLINDRICAL  SHELL 


SURFACE 

AREA 


2  TT  RH 


2  JT  R(R  ♦  H) 


CENTROID 


H 

^  =  2 


H 

^  =  2 


WEIGHT 

MOMENT 

OF 

INERTIA 


^  X  ^ 

Iz  =  WR2 


(R 


2  ^  h2. 


Ix  -  I 


^  "y  *  im 


ItrYhT  [5I>^(R*2H).na(5R.H)j 


■i-'YilaW  L®lR«2R)*a'<®l5R*aH)J 


=  Wr2 


Tr  ♦  2h1 
[r*h  J 


RADIUS 

OF 

GYRATION 


=  ky  =  0.707  fn^  ♦ 

=  =  0.408  V 3R^  ♦ 

^1  Yi  I 


k,  =  R 


=  0  3R^(R“^2H)»H^(3R^H~ 

f  R  ♦  H 

k  =  k  =0 

Yl  *“  r  R  ♦  H 

/V3 


kz  =  0.707  R 


2^ 

H 


Adapted  from  VVeiaht  Handbook,  Vol.  i.  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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THIN  RODS 


THIN  RODS 

A  thin  rod^  or  wire^  Is  so  designated  ^^tlen  the  lengthy  L,  is  greater 
than  30  times  the  diameter,  d.  Lengths  of  curved  arcs  will  be  designated 
by  s  as  noted, 

SUMMARY  OF  EQUATIONS 
Length  of  Arc 

The  length  of  arc  of  the  curve  F(x,y)  5=  0  limited  by  two  selected 
points  A(a,c)  and  B(b,d)  is  given  by 

s  =  cis  -  I^\/^  +  (dy/dx)^dx  or  /cV^^  (dx/dy)^dy 

Example,  For  the  length  of  arc  of  the  curve  y  =  from  x  s  0 

to  X  ==  5, 

dy  3  ® 

—  =  and  ^  I  —  I  =  1  +  -X 

dx  2  \  dx  /  4 

then 

b  /  /dy Y  s  /  ®  ®  ® 

s  =  /  \/l  +  I — I  dx  =  /  y/l  +  -X  dx  s=  —  1  +  -X  =  -  (ans.) 

\dx/  4  27\  4  /  Jo  27 

If  A,  given  by  u  =  Ui ,  and  B,  given  by  u  =  U2 ,  are  points  on  a  curve 
defined  by  the  parametric  equations  x  =  f(u),  y  =  g(u),  the  length  of  arc 
AB  is  given  by 

s  =  /^^^i/(dx/du)^  +  (dy/du)^du 

Example ,  For  the  length  of  arc  of  the  curve  x  =  t^,  y  =  t^  from 
t  =  0  to  t  =  4, 

dx  dy 

—  =  2t,  —  =  3t^ 

dt  dt 

and 

(3  ^(3 

then 

4  /  9  8  I  9  8  _ 

s  =  /  vA  +  -t2(2tdt)  =  — jl  +  -t^  =  — (37^37  -  1)  (ans. ) 

4  27\  4  /  Jq  27 
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Centroid  of  an  Arc 

The  centroidal  coordinates  (x,y)  of  an  arc  of  a  plane  curve  of 
equation  F(x,y)  =  0  or  x  =  f(u)^  y  =  g(u)  can  be  determined  by  the 
relationships 

xs  =  x/ds  =  /xds  and  ys  =  yfds  =  /yds 

where  the  limits  of  integration  are  determined  from  the  extent  of  the 
desired  integration. 

Example,  For  the  centroid  of  the  first  quadrant  arc  of  the  circle 
‘25, 

dy  X 

dx  y  \  dx  /  y^  y^ 

since  s  ~  Rg  =  57r/2 

57ry  _ 

-  =  +  (dy/dx)^dx  =  //^dx  =  25 

2 

and  y  =  IO/tt  by  symmetry,  x  -  y,  and  the  coordinates  of  the  centroid  are 
1 10  10  \ 

I — , —  1  (ans,) 

\  11  I 


Moments  of  Inertia  of  an  Arc 

Tile  moments  of  inertia  of  an  arc,  referred  to  the  coordinate  axes, 
are  given  by 


Example .  For  the  moment  of  inertia  of  the  arc  of  a  circle  with 
respect  to  a  fixed  diameter. 


arc . 


dy  X  _ 

—  =  — ,  -y/l  +  (dy/dx)^  =  R/y,  s  =  27rR 

dx  y 

The  total  moment  of  inertia  is  four  times  that  of  the  first  quadrant 

R  _  R^s 

Ijj  =  4L  y^ds  =  4/p  y^-dx  =  4R/  ^R^  —  dx  =  ttR^  = -  (ans.) 

y  2 


It  should  be  noted  that  the  value  obtained  contains  only  linear 
dimensions;  therefore,  to  obtain  the  moment  of  inertia,  I^^,  in  terms  of 
mass,  m  =  ps,  the  transformation  should  be  made  as  s  =  27rR-  Then 

=r  pTTR^  and  p  =  m/2trR 

which  results  in 

=■  mR^/2  (ans.  ) 
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Centroid  of  an  Area 

The  theorem  of  Pappus  for  the  determination  of  the  centroid  of  an 
area  produced  by  the  revolution  of  an  arc  is  as  follows. 

If  an  arc  of  a  curve  is  revolved  about  an  axis  in  its  plane  and  not 
crossing  the  arc^  the  area  of  the  surface  generated  is  equal  to  the 
product  of  the  length  of  arc  and  the  length  of  the  path  described  by  the 
centroid  of  the  arc. 

Example.  For  the  centroid  of  the  first  quadrant  arc  of  a  circle  of 
radius 

S  =  27rR^  =  (l/27rR)(27rx) 

by  symmetry,  x  =  y,  and  the  centroid  has  coordinates  (2R/7r,  2R/7r) . 

It  follows  that*  the  appropriate  surface  area  can  be  found  from  the 
same  theorem  if  the  centroidal  distance  is  known. 

Moment  of  Inertia  of  a  Thin  Rod 

The  moment  of  inertia  of  a  long,  slender  rod  can  be  calculated  from 
the  relationships 

ly  =  or  Ijj  =  f^y^dm 

depending  on  the  choice  of  axes. 

Example.  For  the  moment  of  inertia  of  a  thin  homogeneous  rod  about 
an  end, 

ly  =  =  pjT^x^dx  =  pL^/3 

where  dm  =  pdx 

Recalling  that  p  m/L, 

ly  =  (m/L)(L^/3)  =  mL^/3  (ans.) 
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O'  in  radians 


SEGMENT  OF  A  CIRCULAR  ROD 
lY 


LENGTH 


CENTROID 


RSIN  a 
a 


“  R  SIN  a 


WEIGHT 

MCBHENT 

OF 

INERTIA 


1  SIN  a  COS  a 

2  “  2a, 


2  a 

“j 

SIN 

a  COS 

a] 

2  a 

J 

SIN 

a  COS 

2  a 

SIN 

a  COS 

a] 

[N^  a) 

0,2  J 


•  RADIUS 
OF 

GYRATION 


k„  =  Rthf  * 


kp  =  Ryi 


2 

O' 

SIN 

a 

cos 

a 

"2 

Of 

SIN 

a 

cos 

ot 

2 

O' 

SIN 

cos 

~ 

2 

a 

♦  SIN^ 


SIn2  a 
a2 


Adapted  from  Weij^ht  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc 


THIN  RC»S 


Adapted  from  Weight  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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NOTE  B 


Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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•  SIN  a 

y  “  L  COS  0! 

T  »  ^  Ll^  (L144L2) 

(Li"+L2)2 


I  -  VL  L2^  (^1^L2) 
12  (LifL2)^ 


Adapted  from  Weight  Handbook,  VoL  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc, 
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THIN  RODS 


CENTROID 


WEIGHT 

MOMENT 


OF 


INERTIA 


RADIUS 


OF 


GYRATION 


Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc, 
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PLANE  AREAS 

SUMMARY  OF  PLANE  AREA  PROPERTIES 

Centroid  by  Integration 

/ ydA  / xdA 

y  = -  X  = - 

A  A 

Centroid  by  Area  Moment  Summation 

aiyi  +  +  •  •  •  +  anyn 

y  - - 

ai  +  a2  +  •  •  •  +  an 

aixi  +  a2X2  +  •  •  •  +  UnXn 

X  =  - 

ai  +  a2  +  •  "  •  + 

Moments  of  Inertia 

Ix  =  /y"dA 

ly  =  Jx^dA 

Iz  =  *^2  =  /r^dA  =  Ijj  +  ly 

Transfer  of  Axes 

Ijj  =  Ix  Adx^ 

ly  =  ly  +  Ady2 

Jz  “  Jz  Ad^  —  +  ly 

+  d^ 

Radius  of  Gyration 
k  =  y/T/K 

CENTROID  OF  AN  AREA 

The  centroid  of  an  area  is  represented  by  a  point  whose  distance 
from  any  axis  times  the  total  area  is  equal  to  the  first  moment  of  the  area 
with  respect  to  that  axis. 

The  first  moment  of  an  area,  often  referred  to  as  the  statical  moment, 
is  the  algebraic  sum  of  the  moments  of  the  differential  parts  of  the  area, 
with  the  product  of  the  differential  area  and  the  perpendicular  distance 
from  the  differential  area  to  the  axis  in  question  representing  the  moment 
of  each  segment. 
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Letting  Q  represent  the  first  moment  of  the  area,  the  resulting  math¬ 
ematical  expressions  define  the  moment  of  area  A 

Qx  =  JydA,  Qy  =  /xdA 

and,  for  the  centroid. 

Ax  =  /xdA 


or 


Ay  a  /ydA, 
/ydA 


y  = 


/xdA 


X  = 


Examples . 


TRIANGLE 


A  =  bh/2 
Ay  =  /ydA 
dA  =  xdy 
Ay  =  /xydy 

From  similar  triangles, 

X  b  b(h  -  y) 

-  =  or  X  =  - 

h  —  y  h  h 
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b  bh2 

Ay  =  -  /  (h  -  y)ydy  =  - 

h  6 

bh^/e  h 

y  = -  =  —  (ans.) 

bh/2  3 


CIRCULAR  SECTCMi 
y 


Ax  =  JxdA 
X  =  p  cos  6 
dA  =  pd0dp 

2r^  sin  01 

^  P  epdpde  - - 

^  3 

(2/3 )r^  sin  a  (2/3 )r^  sin  a  2r  sin  a 

X  = -  =  -  =  -  (ans.) 

A  r^a  3a 

HALF  PARABOLA 


y 


Parabola:  y  =  4  -  x^ 
dA  =  ydx 
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A  =  f^ydx  =  /„  ('J  -  )dx  =  — - 
"  “  3 

Jy\  1  ,  12S 

=  JydA  -  Jo  “  (y}dx  =  =-  lo  ^  x^)^dx  ^  - 

\2j  22  15 

Qy  =  /xdA  =  J^xydx  =  (4x  -  x^)dx  =  4 

Qy  4  3  Qjj  128/15  8 

3c  =  —  =  -  =  y  =  —  =  -  -  “  (ans.) 

A  16/3  4  A  16/3  5 

Note.  When  summing  the  elemental  strips  about  the  x-axis  as  shown 
in  the  diagram,  the  moment  arm  is  equal  to  y/2.  If  the  summation  is  made 
with  respect  to  the  y-axis,  the  moment  arm  is  equal  to  x  (not  x/2). 


CENTROID  OF  A  C(»IPOSITE  AREA 


Composite  areas  have  centroids,  the  coordinates  of  which  may  be  de¬ 
termined  by  applying  the  basic  definition  to  the  total  area  as  follows; 

Ay  =  Say  and  Ax  =  Sax 


or 


Say 

y  =  — 

A 


Sax 

and  X  =  - 

A 


where  x  and  y  are  the  perpendicular  distances  from  their  respective  axes 
to  the  areas  in  question,  a  is  the  area  of  each  individual  part,  and  A 
is  the  total  area  of  the  composite  body. 

Example . 


y 


aiyi  + 

y  = - 

A 

X  =  0,  by  symmetry. 


(l)(6)(l/2)  +  (6)(1)(4) 
6  +  6 


2,25  in,  (ans.) 
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0.00003 

0.03333 

0.00087 

0.00087 


The  centroidal  distance  may  be  found  by  either  method.  By  definition 
M  0.06375 

d  =  —  - -  =  0.25  =  y 

A  0.255 

Ijj  =  Ijj'  -  Ad 

=  0.035  -  0.255(0.25)^ 

=  0.0191  in*  (ans.) 


PLANE  AREAS 


MOMENTS  OF  INERTIA  OF  A  PLANE  AREA 

The  moment  of  inertia  of  a  plane  area,  mass,  or  volume  is  some¬ 
times  referred  to  as  the  second  moment,  since  the  first  moment,  Q,  is 
multiplied  by  the  differential  area  moment  arm. 


ix  =  /y"dA 

ly  =  /x^dA 

where  the  elements  are  integrated  over  the  entire  body. 

The  moment  of  inertia  of  the  body  about  the  z-axis  is 

Iz  =  Jz  = 

and^  since  =  x^  +  ~  ^x  where  is  known  as  the  polar 

moment  of  inertia  of  the  body. 

Example  * 


¥ 


The  moment  of  inertia  of  the  parabola  y  =  9  -  x^  about  the  y-axis 
is  calculated  as  follows 


dA  =  ydx 
x^  =  9  -  y 


y  =  9  - 

ly  =  /x^dA 

=  2/^^(x^)(9  -  x^)dx 
=  2j^(9x^  -  x*)dx 


=  2 


3x^ 


324 


5 


(ans  -  ) 
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TRANSFER  OF  AXES  ON  A  PLANE  AREA 

y  Vo 


dijj  =  <yo  +  dx)^dA 

Ijj  =  /(yo  +  2yodx  +  dx^)dA 

=  /yo^dA  +  2dx/yodA  +  dx^/dA 

Since  the  second  term  in  the  equation  above  is  zero^  the  resulting 
integrations  leave 

Ix  =  Ix  +  Adx^ 

and  similarly, 

ly  =  iy  +  Ady2 

The  sum  of  these  two  equations  (from  J  =  -f  I„)  gives 

z  ^  j 

Jg  =  jg  +  Ad2 

which  is  the  polar  moment  of  inertia  of  the  body  when  transferred  through 
the  distance  d, 

RADIUS  OF  GYRATION 

By  definition^  k  =  ^ I/A.  Substituting  into  the  moment  of  inertia 
equations  yields 

+  d^ 

where  k  is  the  radius  of  gyration  about  a  centroidal  axis  parallel  to  the 
axis  about  which  k  applies^  the  axes  being  separated  by  d. 
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Adapted  from  Weight  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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AREA 


BH 


CENTROID 


B 


X  = 


H 

^  2 


f  =r 


m  = 


Bsinc^  +  Hcosa 


BH 


Vb2  +  h2 


»VEIGHT 

MOIENT 

OF 

INERTIA 


I  -  1 

12  ^3 


Cxi  “  ^  (H^  ♦  B‘ 


AREA 

MC»IENT 

OF 

INERTIA 


T  -  £Hi  T  -  t  -  BH.  /tt2  .  rS. 

^x  To  X2~  12  ^ 


12  ‘y 

.  BH^ 


Vi  -  T  'pi-  ^  ^ 


‘XI  -j-  *yi  “5“  *'1  5 


In  = 


^E  “ 


6(b2  +  h2) 

BH(B^sin2a  +  H^cos^O!) 


12 


RADIUS 

OF 

GYRATICW 


kx=0.289H  ky=0.289B  kp=0.289 


JhV? 

k^  =0.577H  k„  =0.577B  k^  =0.577.  H^+B^ 
*1  yi  Pi  " 


kN  = 


BH 


^6(B2  +  h2) 
*^E  =n/ 


B^sin^a  +  H^cos^a 


Adapted  from  Weight  Handbook^  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc» 
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HOLLOW  RECTAIIOLB 


AREA 


BH  -  bh 


CENTROID 


-  §. 

X  ■  2 


-  H 

y  -  ^ 


WEIGHT 

MOMENT 

OF 

INERTIA 


W  -  t>h^.  ^  f{  HB^  -  hb^ 

Ix  ’  T2‘[bH  -  bh  J  "  T?|bH  -  bh  _ 


•P  -  Ix  *  ly 


'Pi  “ 


AREA 

MOMENT 

OF 

INERTIA 


T  «  -  bh5  j 

ix  — 


hb5  -  hb5 


12 


Ixi"  -  bhHH^^^  h^)  ♦(BH -bh)B* 


'p  '  'x  *  V  Ipi  -  Ixi  * 


RADIUS 

OF 

GYRATION 


■i 


BK^.  -  bh? 


l2(BH-bh) 


k„= 


V 


HB^-hb^  _ 

T2(BH-bK)^P'', 


BH  -  bh 


^'Pil  ^P1 


BH  -  bh  y  bh  -  bh 


Adapted  from  WciRlit  Handbook t  Vol.  _i,  Society  of  Aeronautical  Weight  Engineers 
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PLANE  AREAS 


AREA 


CENTROID 


WEIGHT 

MOMENT 

OF 

INERTIA 


AREA 

MOMENT 

OF 

INERTIA 


RADIUS 

OF 

GYRATION 
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PLANE  AREAS 


T-SECTION 


Bs  +  ht 


CENTROID  I  y  =  H 


+  s2(B  -  t) 
2(Bs  +  ht) 


WEIGHT 

MC^IENT 

OF 

INERTIA 


m 

T  — 

ty^  +  B(H  -  y)2  -  (B  -  t)(H  -  y  -  s)^ 

3 

m 

T  -  _ 

Bs  +  ht 

/sB^  +  ht3\ 

12 

\  Bs  +  ht  / 

ty^  +  B(H  -  y)3  -  (B  -  t)(H  -  y  -  s)' 


MOMENT 

OF 

INERTIA 


sB^  +  ht^ 


RADIUS 

OF 

GYRATION 


NAVWEPS  REPORT  7827 


PLANE  AREAS 


60 


NAVWEPS  REPORT  7827 


REGULAR  HEXAGON 


REGULAR  OCTAGON 


AREA 


0.866  H  2 


CENTROID 


_  B 

X  •  ? 


y 


B. 

2 


2.82814 


X  “  y  ■  R 


WEIGHT 

MOMENT 

OF 

INERTIA 


I-  -  •  0.0694Wh2  =  0.0521WB2 

^  y 

I„  -  0.3194WH2 

Ip  =  0.1389Wh2  =  0.1042WB^ 


-  ly  ••  0.2256wr2 
*  ^yi  “  1 -2256^2 
Ip  -  0.4512Wr2 


X 


-  0.4028Wh2  =  0.3021Wb2 


AREA 

MCaWENT 

OF 

INERTIA 


Ijc  -  ly  «  0.0601H‘* 

Ix,  »  0.2766H‘^ 

*1 

I,,  -  0.3488h‘* 


ly  -  0.6381r4 

^*1  "  “  3.U665r^ 

Ip  -  1.2761R^^ 


Ip  -  0.1203h4 


RADIUS 

OF 

GYRATION 


=  ky  =  0.2635H  =  0.2282B 
kx^=  0,5652H 
ky^  =  0.6346H 
kp  =  0.3727H 


kjj  =  ky  =  0.4750R 
k^  =  k„  =  1.1071R 
kp  =  0.672R 


Adapted  from  Weiglit  Handbook^  Vol.  2i  Society  of  Aeronautical  Weight  Engineers,  Inc. 


61 


PLANE  APIEAS 


AREA 

MOMENT 

OF 

INERTIA 


RADIUS 

OF 

GYRATION 


kx  =  H  \J  2(B^*Up3*A^) 
'  3(a->¥)' 

=  H^(2a-K3) 
y  aVC^ 


kx  =  H  \/2(a^4iAB 


‘  V^fA+Bl 


=  /££p_ 

\/  H(  a+b; 


'"Pi  °/^^Pi 
^  \|h?  a  +  b'; 


Adapted  from  Weight  Handbook,  Vol.  I,  Society  of  Aeronautical  Weight  Enj^inecrs,  Inc. 
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Adapted  from  Weight  Handbook,  VoI>  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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PLANE  AREAS 


Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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ISOSCEl 

i 

ES  T1 

h  1 

RIANOIE  ' 

1  _ 1 

OBLIQUE  T 
Y 

RIJ 

INC  IE 

H 

1 _ 

1 

1 

MB 

1 

i 

- “^2 

1 

-  V 

□ 

H 

A 

I-b'-H  1  *1 

1  1 
3 

Xi 

AREA 

BH 

-  _ 

bh 

2-*. 

CENTROID 

-  B  -  H 

*  =  2  ^  ’3 

-  H  -  B  +  C 

>'  =5  *  -  3 

WEIGHT 

MOMENT 

OF 

INERTIA 

lx  - 

IB' 

Ix,-  Wh2 

1x2-^ 

7— 

Iv  -  Wb2 

Ivi" 

211“ 

In  -  W(14H2  ♦  3b2)  Ip,  -  1T(7b2  ♦  liH^) 

P  - ^ -  PI  - - 

Ix  - 

Ix.-  Wh2 

1x2-  ^ 

"  ^(b2  ♦  c2  -  BC) 

"  ?  (I^  ♦  b2  ♦  c2  -  BC) 
iB 

AREA 

MOMENT 

OF 

INERTIA 

ix  -  bh5 

Ixi"  BH5 

XI  ^ 

ixp-  bh5 

ly  •  B^H 

ly,-  7^H 

1]8“ 

i^  -  14Bh5  +  3b5h  Ip,  -  14Bh5  ♦  7b5h 

P  - m -  - C5 - 

Ix  -  Bh5 

^■2 

Ixl-  BH^ 

*12" 

1x2-^ 

ly  ■  BH  (b2  ♦  C^-BC) 

35 

I  -  BH  (h2*b2+c2.BC) 

35 

RADIUS 

OF 

GYRATION 

kx  =  0.236H 
kxj^  =  0.408H 
kx2  =  0,707H 
ky  =  0,204B 
kyj^  =  0.540B 

kp  =  0,118  v/4h2  +  3B2 

kpj^  =  0.204  y4H2  +  78^ 

kx  =  0.236H 
kx^  =  0.408H 

kx„  =  0.707H 

1  ky  =  0.236  \f  ^  +  C2  -  BC 

=  0.236  b2  -  BC 

Adapted  from  W eight  H andbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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EQUIUTERAL  TRIANGli; 


r*i 


AREA 


BH 


BH 


CENTROID 


* "  4  y 

5 


H 

5 


B  - 


R 


I*  -  TfH^ 


WEIGHT 

MOMENT 

OF 

INERTIA 


la 

■ 

1  6 

m 

18 


ijt  -  Yra2 


ly  •  ira2 


Ip  -  W(Hgt-B2) 


w 


yi' 


Pi 


TTH® 

*?■ 

■  W(h2+b2) 

— 5 - 


Ix  -  I, 

'-I 

1x2 

lyi 


WB'^ 

W' 


Wb2 

7Wb2 

5ir“ 

WB^ 

12“ 


Pi 


5^13*= 

"TT 


ix  •  bh5 


AREA 

MOMENT 

OF 

INERTIA 


‘*1 


w 

■  BH? 

■E“ 

•  B?H 


[»  -  BR(b2  ♦  h2) 

^  — 


Ix  "  ly 


‘*2 


‘yi 


^Pi 


•  BH? 

IT 

■  B?H 

TT* 

BH(b2^h2) 

— S - 


B?H 


Ixi- 


'■X2' 


^yi 


B?H 

T5" 

BH? 

IT- 

7B?H 

B?H 

"511 


Ipi" 


RADIUS 

OF 

GYRATKMI 


kx  =  0.236H 
kxi  =  0.408H 

kx2  =  0.707H 
ky  =  0.236B 
ky,  =  0.408B 


kx  = 

kv,  = 


"yi 

kp  =  0.236  +  h2 


kp^  =  0.408  Jb^  +  h2 
Adapted  from  Weight  Handbook,  Vo!.  1,  Society  of  Aeronautica!  Weight  Engineers,  Inc. 


^Xl 

ky  = 

kx2= 

ky^  = 
kp  = 

^Pl  = 


0.204B 

0.354B 

0.204B 

0.707H 

0.540B 

0.289B 

0.456B 
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CENTROID 


WEIGHT 

MOMENT 

OF 

INERTIA 


£  ■  y  "  ® 


T  .  T  .  WD^  -  tte2 

IT 

1.1  •  hi  •  '-25 

i_  -  Tn)2  •  'nt 

P  'T'  “5” 


Ix  ■  ly  " 

I  -  ♦  I^) 

p  - 5 - 

Ixj-  ly^  ■  W(gl^  ♦  I^) 


AREA 

MOMENT 

OF 

INERTIA 


.  ly  =  0.0491D4 

^’1  *  Vl  "  0-2454D‘* 


1X1  •  I 


Ip  ■  0.0982d4 


Ix  -  Iv  -  7r(l^  -  r^) 

^  ,  — n — 

Ip  ■  7r(lr  -  r^) 

- 5 - 

Ixi  •  ly,  -  7r(5lA-Ul?i2-r*4) 


•1  "71 


=  ^Vi  =  0.5590D  1.118R 

kp  J  ^ 

RADIUS 

V  2 

gvrTtic*  "p  = 

Adapted  from  Weight  Handbook,  Vol.  1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 

PLANE  AREAS 


SEMICIRCLE 

J 

-  X  - 


HOLLOW  SEMICIRCLE 

'lu  =  Jif 


_  _  jr 


AREA  0.3927  D^-  1.5711? 


CENTROID  X  =  R  y  =  0.2122D  =  0.4244R 


AREA 

MOMENT 

OF 

INERTIA 


=s  0.1098  r4  -  0.00686  O'* 

I„  =  0.3927  r4  =:  0.02454  O'* 

ly  =  0.3927  r'*  =  0.02454  D** 

ly^  =  1.9635  R'^  =  0.12272 

Ip  =  0.5025  r4  =  0.03140 

I„  =  2.3562  r4  =  0.14726 
Pi 


ky  =  0.5R  =  0.25D 
GYRATION  ky^  =  1.118R  =  0.559D 
kp  =  0.566R  =  0.2828D 
kp^  =  1.225R  =  0.6124D 


ir( !?  -  i^) 


=  R  y  =  0.4244  (r  +  • 


O  "  J 

Ixi*  IT 

V  ’  I 

lyi- 


"  ^x  * 

^Pl**  ^*1  ■*■  ^y 


!  0.132D 

kx  “  /  ^  ^ 

0.25D 

V  TT  0 

^  ^  ] 

^  ^ 


kp  -  2 


V  -PSl 


Adapted  from  Weight  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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PLANE  AREAS 


HOLLOV^  CIRCULAR  SECTOR 


a  in  radians 


AREA 


CENTROID 


_  2S1I^  a  (l<?-r3)  _ 

^  *  J  O!  (R2-r2)  y 


RSIK  Of 


WEIGHT 

MOMENT 

OF 

INERTIA 


lx  =  '•  (R2+r2)  (1-  SIN  a  COS  a) 

IT 


a 


^yi  =  W  (R^+t^)  (1  +  SlNofCOSa) 

IZ  a 


“  1^  +  WH2slN2a; 

1  ^ 


1„  *  1  +1 
P  X  y 


^y  -  -yi 


-  W 


2SINq;  (R3-r3) 


3q;  ( 


AREA 

MCWENT 

OF 

INERTIA 


SlHaCiOSQ') 


®  (f{4-r^)  (l  -  S1Hq!| 

4  a 

1x1  =  +  a  SIN^  a 


*  a  (r4-  r4)  (l+  SINof  COsa) 


Of 


‘^1 

ly  -  Iy_  -  - 1 -  i 

a(R2-r2)L 


Ip  ■  1* 


2SINo!(r3- 

3 


RADIUS 

OF 

GYRATION 


=  y Rg^g  _  SIN  o;  COS  g  j  Sj  ^  SIN  g  COS_aj 

Y  (r2  -  r2)Q; 


ky  = 


V  ( 

vrfcr^ 


Adapted  from  Weight  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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CIKCULAR  SEGi^^T 


In  radians 
A  =  area 


AREA  '  (2  a  -  SIN  2  O') 

!  2 


CENTROID  '  -  - 

C  NTROID  ^  ^  3(2  a-SIN  2  a)  y  =  RSIN  O! 


raiGHT 

MCAffiNT 

OF 

INERTIA 


I,  ^  fl  -  2  sin ^  O'  cos  0!  1  [l  +■  2  SIN^  O!  COS  O' 

il  [  3  (OI-SIN  a  COS  a)  ^  L  o;-GlN  o'  COS  o: 


I_  »  I  ViR^SIN^o; 

ly  -  lyi  -  W  r2R  SIK5a  1 

^  I  3  (oi-siN  cx  COS  O')! 


*  ^y 


AREA 

MOMENT 

OF 

INERTIA 


[l  -  2 

[sin?  q;  cos  O'  ll 

r,  2  SIn5  O'  COS  0! 

L  3 

[tf-SIN  O'  COS  a  JJ 

TT 

[  oi-siN  O'  COS  a 

Ixi  =•  ^  2  (SIN^  a) 

^  2 

I^  »  I„  -  SIn6  a 

^  - 9l - 


Ip  -  ^x  ly 


RADIUS  '  k  _ 
OF  \  ^ 

GYRATION  I 


'  k  — 
I  ‘"p  - 


=  / r2  r  2  SIN3  q;  cos  Q! 

•  y  k  I  '  3  (oi-siK  a  COS  aj 

i 


21 


(2o'-SlN2o') 


21. 


r2  (2  of-SIN  2  O') 

Adapted  from  Wcigjit  Handbook,  Vol.  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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CIRCULAR  COMPLEMENT 


ELLIPTIC  COMPLE}-!ENT 


AREA 


CENTROID 


0.2146  r2 


-  -  -  -  0.2234 

X  y 


R 


WEIGHT 

MOMENT 

OF 

INERTIA 


Ijj  =  ly  =  0.035  Wr2 
Ixj^  =  ly^  =  0.085  WR2 

Ip  =  0.070  Wr2 
Ipj^  =  0.170  Wr2 


0.2146  BC 

“  .  _Jl_=  0.7766C  y  . 

1.208 

Ijj  =  0.035  Wb2 
ly  =  0.035  WC2 
Ip  =  0.035  W(b2  +  c2) 


B 

1  .26S 


AREA 

MOMENT 

OF 

INERTIA 


Ix  =  ly  =  0.0075 
I„  =  ly  =  0.0183  R^* 

Xi 

Ip  =  0.0151  r4 
Ip^  =  0.0365  r4 


Ix  =  0.00758^0 

ly  =  0.0075BC2 

Ip  =  0.0075  BC(b2  +  c2) 


RADIUS 

OF 

GYRATKW 


I 


kx  =  ky  =  0.188  R 

kv  =  ky  =  0.292  R 
^1  ^1 

kp  =  0.265  R 
kpj^  =  0.412  R 


kx  =  0.1888 

ky  =  0.188C 

kp  =  /  0.035(b2  +  c2) 


0.7766B 


Adapted  from  Weight  Handbook,  Vol.  Society  of  Aeronautical  V/eight  Engineers,  Inc. 
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73 


PLANE  AREAS 


WEIGHT 

MOMENT 

OF 

INERTIA 


I  -  wfa-B^-CU^ 
I,  - 

1  L  AB  -CD  J 


1  liLAB  -CD  - 

r„  „  wTa^B-C^D 
^  rflAB*  -CD  _ 


a:^b-c?d  +  wa2 


AB  -CD 


I;>  =■  Ijc  *  ly 


AREA 

MOMENT 

OF 

inertia 


_E^.  =  0.7854  Ab3 

«  1.25  -  3.927  ab5 

71  A^B  «  0.7854  A^B 


1.25  TTa^B  -  3.927  A^I 

TTABCa^  +  B^) 

- t; - 


Ix  *  ^  (AB^-CD^) 

Ixi  ”  ~  (Ab5-CD^)  +  ir  (AB-CD)  (B^) 
ly  »  ^  (A^B  -  C^D) 

*  JL  (A^B-C^D)  ^  7r(  AB-CD)  (a^) 

U 

"  -X  ^  V 


RADIUS 

OF 

GYRATION 


K  £. 

^  2 

^xi  -  1.118  B 

“y 

kyi  -1.118  A 
kp  WA^_ABg 


kjc  -f^-CD-^ 
\JU(.^B-CD] 


•^Xi  *1  _ 

)br,Lai&r¥D) 

ky  -  aVc?D 
\/i4(AB-CD) 

^yi  =pyi  ~ 

J  ;r  (AB-CD)* 


TT  (AB-CD) 


Adapted  from  Weight  Handbooki  Vol,  _1,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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WEIGHT 
MOMENT 
OF 

INERTIA  ,  ma^ 

=  - 

'  4  4 


mb^ 

=  - 

4 

..  - 

Ue 


AREA  I  ,  .  3, 

MCaHENT  ■  ~  ^ 

OF 

INERTIA  TTS^b 

I  In  =  “ 

I  16 


RADIUS 

OF  '^y  “ 

GYRATICW 

kj,  - 


16 

V'ly/A 

A/a 


kjj  —  -v/lx/A 
ky  =  y/ly/A 
kN  =  v/In/A 


75 


PLANE  AREAS 


PARABOLIC  SEGMENT 


parabolic  Hi^LF-SECa'ENT 


AREA 


I 


AB 


2AB 

5 


CENTROID 


X  =  0.6A  7*8 


X  =  0.6A 


y  =  0.375B 


WEIGHT 

MCaiENT 

OF 

INERTIA 


Ix  =  0.2WB2 

=  1.2  WB2 
ly  *  0.0686Wa2 

ly^  s  0.4286Wa2 
=  ^x 


Ijt  =  0.0594WB2 
=  0.2WB2 

ly  =  0.0686Wa2 
ly^  =  0.4286WA^ 

Ip  =  Ix  ly 


=  I, 


+  Iv. 


>1 


AREA 

MOMENT 

OF 

INERTIA 


~  0.2667Ab3 
Ixj^  =  1.6AB3 

ly  =  0.0914a3b 

ly^  =  0.5714a3b 


Ip  =  Ij 


+  ly 


RADIUS 

OF 

GYRATICW 


kjj  =  0.4472B 
kxj^  =  1,095B 
ky  *  0.2619A 


ky^  =  0.654 7 A 


Xp  -J 


Uab 


Ijj  =  0.039  6Ab3 

=  0.1333Ab3 

ly  =  0.0457a3b 

ly^  =  0.2857A^B 
Ip  ~  Ix  +  ly 
Ipi  =  Ixi  +  lyi 


kjj  =  0.2437B 
kx  =  0.4472B 


0.2619A 


Adapted  from  Weight  Handbook,  VoL  J,  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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Adapted  from  Weight  Handbook^  Vol,  ^  Society  of  Aeronautical  Weight  Engineers,  Inc. 
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OGIVAL  SHAPES 


OGIVAL  SHAPES 


An  ogival  shape  is  one  that  is  developed  as  a  convex  solid  of  revolu¬ 
tion. 


X 


The  solid  of  revolution  developed  in  the  diagram  above  is  bounded  by 
the  arc  PQ  of  a  circle  of  radius  R  (radius  of  longitudinal  curvature) 
whose  center,  o  ,  lies  on  the  side  of  the  axis  of  revolution,  ox,  opposite 
to  the  arc  PQ  and  distant  D  =  oo^from  the  axis  of  revolution  ox. 

If  the  arc  PQ  cuts  the  axis  ox  for  the  desired  length,  h,  the  ogive  is 
said  to  be  pointed.  The  diameter  of  the  base,  d,  is  known  as  the  diameter 
of  swell,  which  is  effectively  the  maximum  transverse  diameter  of  the  body, 

A  tangent  ogive  is  one  that  includes  its  base  as  illustrated  in  the 
above  diagram, 

A  secant  ogive  is  one  that  does  not  include  its  base;  that  is,  the 
length  h  does  not  extend  to  the  point  where  the  maximum  swell  occurs. 

If  the  radial  center  of  the  arc  PQ,  designated  as  o^ ,  is  moved  to  a 
location  on  the  arc  (PQ)  side  of  the  axis  of  revolution  ox,  a  non-standard 
ogive  will  result  as  illustrated  below, 

r 
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The  properties  of  ogival  shapes  are  included  because  of  their  common 
usage  in  the  design  of  missiles^  artillery  shells^  and  other  systems  re¬ 
quiring  this  family  of  geometrical  shapes. 

Sample  derivations  are  given  so  that  the  reader  can  quickly  review 
methods  of  approach  in  the  basic  steps  involved  in  the  development  of  a 
general  equation  used  to  describe  an  ogival  property. 

The  section  entitled  Properties  of  a  Solid  Ogive  contains  the  equa¬ 
tions  describing  the  volume^  moment^  and  moments  of  inertia  about  the 
central  axis  and  the  base  plane  for  both  the  truncated  and  the  complete 
ogive . 

These  equations  have  been  developed  in  both  the  exact  and  approx¬ 
imate  forms.  Examination  of  the  equations  will  show  that  the  term  0/sin  0 
found  in  the  exact  equations  has  been  replaced  by  a  convergent  series  ex¬ 
pansion,  thereby  leading  to  the  simpler  approximate  forms. 

The  use  of  the  approximate  equations  is  left  to  the  reader^ s  discretion 
however,  tables  of  expected  error  are  included  as  a  guide  in  determining  the 
number  of  terms  to  be  used  in  the  equations. 


PROPERTIES  OF  A  SOLID  OGIVE 

y 


R  =  ogive  radius 

h  =  length  of  ogival  head  (truncated  or  complete) 
r  =  radius  of  base 

d  =  radius  of  truncated  nose  (d  =  0  for  complete  ogive) 
D  =  R  r 
a  =  r  -  d 
sin  0  =  h/R 


SUMMARY  OF  EQUATIONS  FOR  A  TRUNCATED  OGIVE 
Volume 

/ 


V  =  TTh 


e 


R^ - Dd  +  R 


sin  Of} 


79 


OGIVAL  SHAPES 


First  Moment 
yV 


/  2  hM 

TT  —  +  -RD - 

.2  \  3  2  / 


Tra  Rrd  +  -a^  (R  +  2r) 
3 


Moment  of  Inertia  About  the  Central  Axis 

IT  r  12  1  \ 

=  -h  (r2  +  +  2D^(2R2  _  -r2  -  -h^ 

2  [  \3  5  /. 

TT  /  6 

.  - Dh  1  R  -  +  R  -  a 

4  \  sin  6 

TT  /  4\2  /  r\l 

=  — h  r^j  r - a|  H - r^a^l  9  +  2-  j  +  -a^  (R  -  5r  +  a) 

2  I  \  3/15  \  rI  5 


(4D^  +  3R2)  +  2(R  -  a)^ 


» 


« 
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Note .  Since  a  density  of  unity  was  used  in  the  derivation  of  the 
equations^  it  would  be  well  to  recall  the  relationship  p  =  in/V,  The 
use  of  this  relationship  when  coupled  with  the  moment  of  inertia  equations 
leads  to  the  determination  of  the  mass  moment  of  inertia. 


Moment  of  Inertia  About  the  Base  Plane 


TT 

TT 

0 

Ib  =  — 

5(r2  +  D^) 

- 

-  -Dh 

R^ - (R  -  a)(R2  -  2h2) 

15 

. 

4 

sin  0 

+ 


Ig  “  TlilSL 


2  9  \  1  1 

-a^lR  +  — r  +  -r^(2R  -  a) - a(4Rr  +  a*) 

7  \  5  /  3  5 


R  -  r\ 


-  2a-' 


1  1 

a 

2 

1 

'a\2 

2 

1  1 

'-1 

,  j 

.315  693 

R 

3,003 

\rI 

6^435 

Ir/ 

109^395\r/  230,945\Rj 


=  TTha^ 


2/r  9  r\  l/r  \^/2R 


l/4Rr 


_  „  +  -  -  +  -  - - 1  ^  H 


+  ll 


7  1  a  5a/ 


3  \a 


-  2  1  -  - 


r  1  la 


5\  a‘ 

a 


“  cr .  —II' 


r/[315  693  R  3,003\r/  6,435\r 


pr. 


16 


!  . 


109,395\r/  230^945\r^ 


4- 

^  X 


SUMMARY  OF  EQUATIONS  FC«  A  COMPLETE  OGIVE 
Volume 

0 


V  =  TTh 


R^ - DR 


Sin  0 


V  =  -TThr^ 


4  4  r  1  /r 

-  + - -f  — [-1  +  - 1- 

L5  35  R  21\r/  385\r 


8  /r\^  4  /r\^  64 


24 


128  /ri'^ 


-f 

64 


429\R/  15^015\R, 


-  + 


- 


-  + 


12,155\R/  138,567\R/  146,965\R, 


First  Moment 


TT  /  r] 

PV  =  R - 

3  \  4J 
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Moment  of  Inertia  About  the  Central  Axis 


TT 

Ia  =  -h 
2 


Ia  =  47rhr'^ 


■  /  5  1 

12  7  \ 

RD 

e 

r2  r2  +  _dZ 

1  - 

'-D2  +  -h^ 

- (40^  +  3R2) 

.  \  2  i 

\3  15  i 

'  2 

sin  6 

16  32 


r 

-  + 


8  /] 


181 


315  3^465  R  2^145\r/  5,005\r/  255^255\Rj 


8 

'll 

®  28  , 
1 

24^87l' 

Ir) 

T  1 

188^955' 

ir) 

Moment  of  Inertia  About  the  Base  Plane 

TT  ^  / 

.S/jjoZ  i  T -rni  \  _  _nw.lR3 


0 


Ig  =  — h^(8R2  +  170^)  -  -Dh  R 

60  4  \  sin  6 


Ig  =  27rhr^ 


8  R 


r 

-  + 


-  -4*  i  L) 

I  ^ 

1  /r\^  16  /  r 


105  r  315  1^155  R  1^287\R/  45^045\R/  12^155^ 

4 


Ri 


32  1 

5  16  1 

4  1 

6 

128 

7 

1  4.  •  •  • 

415;701' 

Ir) 

1  X  1 

'  440,895' 

iRi 

i" 

7,436,429 

[rI 

1  • 

TABLE  2.  Upper  Bound  for  Error  With  the  Use  of 
Approximate  Equations  for  the  Volume  of  a 
Truncated  Ogive 


Number 

Upper  bound  for  error,  % 

of  terms 

a/r  =0.3 

a/r  =  0.5 

a/r  *  0.7 

a/r  =  0.9 

r/R  *0.1 

None 

1.3 

4.1 

8.8 

15.2 

One  . 

.  0.02 

0.09 

0.3 

0.7 

Two . 1 

1  . 

0.009 

0.03 

r/n  =  0.3 


None  .... 

1.1 

3.4 

7.3 

13.1 

One  .«... 

0.04 

0.2 

0.7 

1.7 

Two  ..M... 

0.02 

0.07  1 

0.2 

ITiree.... 

.  1 

J 

0.03 

r/R  =0.5 


None  -a. 

1  2.5 

5.7 

10.4 

One  ...... 

0.05 

0.1  ' 

0.9 

2.2 

Two  ...... 

...... 

0.03  i 

0,2 

0.4 

1‘liree 

■ 

0,02 

0.09 

r/R  =0.7 


None  ...  ! 

0.5 

L6 

3.7 

7,1 

One  .  ' 

0.04 

0.3 

0,8 

2.0 

Tw-o  . 1 

0.04 

0.2 

0.6 

Three.... 

0,04 

0.2 

Four . 

—  ^ 

0.05 
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EXPECTED  ERROR  WITH  THE  USE  OF  APPROXIMATE  EQUATIONS 

Tables  2—7  give  the  upper  bounds  for  error  incurred  with  the  use  of 
the  approximate  equations.  Examination  of  the  tables  will  show  that  includ¬ 
ing  a  sufficient  number  of  terms  in  the  convergent  series  expansion  will 
reduce  the  error  markedly. 


TABLE  3.  Upper  Bound  for  Error  With  the  Use  of 
Approximate  Equations  for  the  Moment  of  Inertia 
About  the  Central  Axis  for  a  truncated  Ogive 


Number 

Upper  bound  for  error,  % 

of  temis 

a/r  *  0.3 

a/r  *  0.5 

1 

a/r  =0.7 

a/r  "0.9 

r/R  =0.1 

Noqfs 

6.0 

26- S 

$3.9 

74. 1 

One  ...... 

o.oa 

O.S 

3.5 

1  10.1 

......  1 

0.02 

0.1 

0.5 

'nir*i;...r 

0.004 

0.02 

r/R  -0.3 

Nooe  ..... 

1.32 

1 

7.1 

20.2 

38.4 

One  . 

O.OS 

O.S 

2.3 

6.9 

Two . 

. 

0.03 

0.2 

0.9 

Three .... 

0.02 

0.1 

Four . 

0.02 

t/R  =0.5 


None  .... 

0.5 

2.7 

8.5 

18.7 

One  . 

0.03 

0.3 

1.4 

4.4 

Two . 

0.04 

0.2 

0.9 

Three.... 

0.04 

0.2 

Four...... 

0.04 

r/R  =  0.7 


None  .... 

0.2 

1.0 

3.4 

8.2 

One  .^... 

0.02 

0.2 

0.8 

2.4 

Two  . 

0.03 

0.2 

0.7 

Three .... 

. 

0.04 

0.2 

F  ou  r . 

. 

. 

. ».*.« 

0.05 
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TABI^E  4.  Upper  Bound  for  Error  With  the  Use  of 
Approximate  Equations  for  the  Moment  of  Inertia 
About  the  Base  Plane  for  a  Truncated  Ogive 


Number 

Upper  bound  for  error,  % 

of  terms 

a/r  =0.3 

a/r  =0.5  j 

a/r  =0.7 

«/r  =0.9 

r/H  =0.1 

None  .... 

0.004 

- r 

0.02  1 

0.08 

0.3 

Cne  . 

0.00005 

0.0005 

0.003 

O.Ol 

r/R  =  0.3 


None  .... 

0.01 

0.06 

0.2 

0.7 

One  . 

0.0004 

0.004 

0.02 

0.08 

r/R  =0.5 


None  .... 

0.01 

0.07  j 

0.3 

0.9 

One  ...... 

0.0007 

0.008  > 

0.05 

1  0,2 

Two . 

t  0.04 

[ _ 

r/R  =  0.7 


None  .... 

0.01 

0.07 

0.3 

0.9 

One  . 

O.OOl 

0.01 

0.06 

0.3 

Two . 

, 

_ ir _ 1 

0.08 

TABLE  5.  Upper  liouND  for  Error  With  the  Use  of 
Approximate  P^quations  for  the  Volume  of 
A  Complete  Ogive 


Number 

Upper  bound  for  error,  % 

of  lertris 

r/R  =0.1 

r/R  =  0.3 

r/ll  =  0.5 

r/R  =  0.7 

Cne  . 

1.5 

5.1 

9.5 

15.4 

Two . 

0.06 

0.6 

1.9 

4.1 

Three .... 

0.003 

0.08 

0.4 

1.2 

Four . 

0.01 

0.09 

0.4 

Five . 

.(.... 

0.002 

0.1 

Six . 

0.04 

TAI^LE  6.  Upper  Bound  for  Error  With  the  Use  of 
.Approximate  F2ouations  for  the  Mwient  of  Inertia 
About  the  Central  Axis  for  a  Complete  Ogive 


Number 
of  terms 

Upper  bound  for  error,  % 

r/R  =0.1 

•1 

II 

p 

r/R  =0.5 

r/R  =  0.7 

One  . 

1.9 

6.4 

12.1  i 

19.6 

Two  ...... 

0.08 

0.7 

2.2 

4.9 

Three .... 

0.003 

O.l 

0.5  ! 

1.4 

Four . 

...... 

0.01 

O.l 

0.5 

Five . 

0.03 

0.2 

Six .  ^ 

0.05 
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TABLE  1.  Upper  Bound  for  Error  With  the  Use  of 
Approximate  Equations  for  the  Moment  of  Inertia 
About  the  Base  Plane  for  a  Complete  Ogive 


Number 
of  terms 

Upper  bound  for  error,  % 

r/R  -0.1 

r/R  -0.3 

n 

r/R  -  0.5 

r/R  =  0.7 

One 

1.7 

5.0 

8.3 

11.7 

Two . 

0.03 

0.3 

0.8 

1.9 

Three,... 

O.OOl 

0.03 

0.2 

0.6 

Four . 

. 

0.005 

0.04 

0.2 

Five . 

0.01 

0.06 

Six  . .  : 

0.02 

ALTERNATIVE  EQUATIONS  FOR  VOLUME,  MOMENT,  AND  MOMENT  OF  INERTIA 
OF  AN  OGIVE 

Another  and  perhaps  more  concise  set  of  methods  for  determining  the 
volume,  moment,  and  moment  of  inertia  of  an  ogival  shape  is  shown  below. 
Again,  complete  derivations  are  included  that  can  be  used  as  guidelines  in 
equation  development.  Special  note  should  be  made  that  angles  are  measured 
in  radians. 

Complete  Ogive 

Volume . 


m  =  D/R 

a  s=  sin  (j)  =  -  m^ 

V  =  7r/y^dx 

V  =  7r/(R  cos  8  -  D)^dx 

=  tt/ (cos  8  -  D/R)^R^dx 
7r/R^(cos  8  -  m)^dx 
dx  =  R(cos  8)d8 
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I  in'*  2m^  1  2in  \ 

M  =  ttR^ - + - + - +  — 

\  4  3  2  4  3  2  1 

l~  3m*  +  Sm**  -  6m‘‘  2m  l\ 

=  ttR^  j - + - ~  1 

\  12  2  3  4/ 

I  m*  2m  1  \ 

=  7rR4  + - +_ 

\  12  2  3  41 

Moment  of  Inertia  About  the  Central  Axis. 


I A  =  -/ r^dv 
2 

dv  =  ttR^  (cos  0  “  m)^  cos  0d0 
r  =  r(cos  0  “  m) 

m  =  D/Rj  cos  <f>  =  m,  sin  0  =  a 

TTR®  . 

(cos  0  -  ra)^  cos  0d0 

2 

TTR®  , 

=  - (cos"^  0-4  cos^  0m  +  6  cos  0^in^  -  4  cos  0m^  +  m^)cos  0d0 

2 


=  - (cos®  0  -  4in  cos^  0  +  6m^  cos^  0  -  4m^  cos^  0  +  cos  0) 

2 


/  cos®  0 
/  cos^  0 


4  /  sin^  0\  ^ 

+  -  (sin  0 - 1 

5\  3  /Jo 


3/0  sin  0  cos  0\ 


<P 

0 
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/  cos^  6  =  sin  9  — 


sin^  0!*^ 


6  sin  9  cos  9  ^ 

J  cos^  0  =  ■"  + - 

L2  2  Jo 

ttR®  r  9in^a  9m^a  4a 

= - + - 2m2a^  +  — 

2  5  2  5 


- -  2in^  +  — \(p 


Moment  of  Inertia  About  the  Base  Plane. 


die  “  differential  of  inertia  about  the  centroid 
Ib  =  /<ilc  +  /x^dv 

dv 

dij.  = — [3y2  +  (dx)2] 


dv  =  TTy^dx 
dl(,  =  (y^dv/4) 
ra  =  D/R  =  cos  0 
a  =  iVR  =  sin  (j> 

y^Try^dx 

I3  =  / -  +  /x^Try^dx 

4 


=  7r/|^ —  y^x^jdx 

(cos  0  -  cos  0d0 

I3  =  ttR^J  -  -I-  (cos  0  -  m)^  sln^  0  cos  0d0 

4 
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OGIVAL  SHAPES 


where 

a  =  L/n  ■  oin  ‘  ^  ^ 

b  =  y/l  -  =  cos  (p 

m  ^  D/R 

THIN-SHELLED  OGIVE 


jr 


The  thin  ogival  shell  illustrated  is  one  commonly  encountered  in  the 
design  of  a  missile  nose  cone.  Simplified  approximations  have  been  devel¬ 
oped  that  offer  the  designer  a  short-cut  method  of  determining  the  prop¬ 
erties  of  this  type  of  section.  These  relationships  are 


V  =  27rR^t[(a2  -  aj  )  -  m(a2  -Olt)] 
'(a|  -  af) 

M  =  27rRH 


+  m(^l  -  a|  -  y/l  -  af) 


I  =  27rR*t 

H 


(af  -  af) 

(a2  -  ajXl  +  3ni^) - (ai 


3m 

2 


i|b  =  SirR^t 


(QI2  -  Q!i  )  +  (a2x/l  -  ai  -  aiv^l  -  af ) 
(af  -  a?)  m 


(q'2  -  O',)  -  (82^1  -  af  -  aiy/l  - 


where 

t  =  R2  —  Ri 

Ri  -1  R2 

R  =  - 

2 

m  =  D/R 
a  =  h/R 
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1  Diamond  Ordnance  Fuze  Laboratory  (Library) 

2  Frankford  Arsenal 

Pitman-Dunn  Laboratory  (1) 

Library  (1) 

6  Picatinny  Arsenal 

Ordnance  Special  Weapons  and  Ammunition  Command  (1) 

Samuel  Feltman  Ammunition  Laboratories  (3) 

Technical  Division  (1) 

Library  (1) 

1  Rock  Island  Arsenal 

2  Headquarters^  U.  S.  Air  Force 

2  Aeronautical  Systems  Division^  Wright-Patterson  Air  Force  Base 
ASAPRD-Dist  (1) 

Materials  Laboratory  (1) 

1  Air  Force  Cambridge  Research  Laboratories^  Laurence  G,  Hanscom  Field 

2  Air  Proving  Ground  Center,  Eglin  Air  Force  Base 

PGEM  (1) 

1  Air  Research  and  Development  Command,  Andrews  Air  Force  Base 
1  Air  University  Library,  Maxwell  Air  Force  Base 
1  AFSC  Liaison  Office,  Aberdeen  Proving  Ground 
10  Armed  Services  Technical  Information  Agency  (TIPCR) 

1  Weapons  Systems  Evaluation  Group 
1  Langley  Research  Center  (Library) 

1  Lewis  Research  Center 

1  National  Bureau  of  Standards  (Ordnance  Development  Laboratory) 

1  Allegany  Ballistics  Laboratory,  Cumberland,  Md, 

2  Applied  Physics  Laboratory,  JHU,  Silver  Spring 

1  Armour  Research  Foundation,  Chicago  (G.  A.  Nothmann) 

1  Arthur  D,  Little,  Inc.,  Cambridge  (W.  H.  Varley) 

1  Atlantic  Research  Corporation,  Alexandria,  Va.  (Materials  Laboratory) 

1  AVCO  Manufacturing  Corporation,  Wilmington,  Mass.  (Document  Control 
Center) 

1  Bruce  H.  Sage  Consultant,  Pasadena 

1  Douglas  Aircraft  Company,  Inc.,  El  Segundo  (Chief  Engineer) 

2  Franklin  Institute,  Philadelphia 

Manager,  Applied  Physics  Laboratory 
Library  (1) 

1  Hughes  Aircraft  Company,  Culver  City,  Calif.  (Research  and  Development 
Library) 

1  Jet  Propulsion  Laboratory,  CIT,  Pasadena  (Dr.  W.  H.  Pickering) 

1  Operations  Research  Office,  JHU,  Bethesda,  Md.  (Document  Control  Office) 

1  Rocketdyne,  Canoga  Park,  Calif.  (Librarian) 

2  Rohm  &  Haas  Company,  Redstone  Arsenal  Research  Division  (Librarian) 

1  Society  of  Aeronautical  Weight  Engineers,  Inc.,  Chula  Vista,  Calif. 

(Library) 

1  The  Martin  Company,  Denver 

1  Thiokol  Chemical  Corporation,  Redstone  Division,  Redstone  Arsenal 
(Technical  Library) 

1  Thompson  Ramo  Wooldridge  Inc.,  RW  Division,  Canoga  Park,  Calif. 
(Technical  Information  Services) 

1  University  of  Chicago,  Institute  for  Air  Weapons  Research  (Library) 
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